A novel approach is employed to a general solution for one-dimensional steady-state thermal and mechanical stresses in a hollow thick cylinder made of a functionally graded material (FGM). The temperature distribution is assumed to be a function of radius, with general thermal and mechanical boundary conditions on the inside and outside surfaces of the cylinder. The material properties, except Poisson's ratio, are assumed to be exponentially-varying through the thickness. Forcing functions applied to the inner boundary are internal pressures which may be in form of steps. These conditions result in governing differential equations with variable coefficients. Analytical solutions to such equations cannot be obtained except for certain simple grading functions and pressures. Numerical approaches must be adopted to solve the problem in hand. The novelty of the present study lies in the fact that the Complementary Functions Method (CFM) is employed in the analysis. The Complementary Functions method (CFM) will be infused into the analysis to convert the problem into an initial-value problem which can be solved accurately. Benchmark solutions available in the literature are used to validate the results and to observe the convergence of the numerical solutions. The solution procedure is well-structured, simple and efficient and it can be readily applied to cylinders. It is also well suited for problems in which mechanical properties are graded.
Introduction
Pressure vessel structural members such as cylinders, disks and spheres find broad application fields in the industry, and their vibration analyses are deemed necessary for safe design and operation. Hollow cylinders and thick-walled cylindrical shells are common components in structural applications and device systems involving aerospace and submarine structures, civil engineering structures, machines, pipes, sensors and actuators, etc. These structures are often exposed to temperature environment and thermal stresses are then induced. In many cases, thermal stresses will significantly depress strength and also affect functionality of structures. Thus, the exact analysis of thermal stresses is really important (Ying and Wang, 2010 ). There have been many studies, such as Timoshenko and Woinowsky-Krieger (1959), Boley and Weiner (1960) , Das and Navaratna (1962) , Das and Rath (1972) , Stavsky (1963) and Thangaratnam et al. (1988) , which focused on thermal stresses in isotropic homogeneous rectangular plates. Yee and Moon (2002) have been obtained a closed-form analytical solution for the plane thermal stress analysis of a homogeneously orthotropic hollow cylinder subjected to an arbitrary, transient, asymmetric temperature distribution. They used a stress function approach for obtaining hoop, radial, and shear stresses in a hollow cylinder. Shao (2005) presented, by using a multi-layered approach based on the theory of laminated composites, the solutions of temperature, displacements, and thermal-mechanical stresses in a functionally graded circular hollow cylinder. Shao et al. (2008) used complex Fourier series and Laplace transform techniques to investigate transient heat conduction and thermo-mechanical stresses in an FGM hollow cylinder. Jabbari et al. (2002 Jabbari et al. ( , 2003 Jabbari et al. ( , 2009 ) derived the exact solution for one-dimensional and two dimensional steady-state thermoelastic problems of functionally graded hollow cylinders where material properties varied with the power product form of the radial coordinate variable. Recently Ruhi et al. (2005) studied thermoelastic analysis of thick walled finite length cylinders of functionally graded materials and achieved results for stress, strain and displacement components through the thickness and along the length. The results were presented for uniform internal pressure and thermal loading. Ootao and Tanigawa (2006) analyzed exactly a one-dimensional transient thermoelastic problem of a functionally graded hollow cylinder whose thermal and thermoelastic constants were assumed to vary with the power product form of the radial coordinate variable. The resulting governing differential equation then possessed variable coefficients. General closed-form solutions to such equations are not available. Noda et al. (2012) studied the transient thermoelastic analysis for an FGM solid circular disk whose material properties were expressed by a piecewise power law. As it was done in the works cited above, in such situations the solution methods included integral transformations, development of finite element models, and, in some special cases, series solutions were attempted. Assuming that the member was composed of many homogeneous layers of different properties emulating the FGM behavior, there was another way of tackling the problem on hand. All of these approaches required heavy mathematical manipulations and, in the case of having to discretize the domain into many elements, a high amount of computational time.
In the present paper, the governing differential equation is non-homogeneous with variable coefficients which include material properties. A novel approach is attempted to obtain displacements, strains and stresses in a simple and efficient manner. The complementary functions method (CFM), theoretically explained in the literature by Aktaş (1972) , Agarwal (1982) and Roberts and Shipman (1979) is infused into analysis to convert the problem to an initial-value problem which can be then easily solved by, for example, the fifth-order Runge-Kutta method (RK5) with great accuracy (Chapra and Canale, 1998) . Shell theories or dividing the material into homogeneous subelements of different properties emulating the graded behavior contains the customary approach of modeling FGM structural elements. Finite element analysis, series expansion methods and direct methods are primary solution methods used in the literature. The present paper uses a novel and efficient method which employes CFM. A thick hollow cylinder of FGM under one-dimensional steady-state temperature distribution with general types of thermal and mechanical boundary conditions is analysed. Two material models are used: (a) with a simple power law with constant Poisson's ratio (Jabbari et al., 2002) for which analytical benchmark solutions are available, (b) with exponentially-varying properties. It should be emphasized once again that the solution procedure is not confined to any particular choice of the material model; it is equally suitable for arbitrary functions defining the gradient variation of material properties.
Solutions by the Complementary Functions Method
The CFM transforms two-point boundary-value problems to a system of initial-value problems. It reduces to a particularly simple solution scheme when applied to a given class of problems, e.g. for an annular disk of inner radius r i and outer radius r o . As it is shown in the proceeding Sections, under axisymmetric conditions, the governing differential equation of the dependent variable u(r) in its most general form is
subject to boundary conditions on the inner (r = r i ) and outer (r = r o ) surfaces. Here (·) ′ denotes the derivative with respect to r. A general closed-form solution of the above equation cannot be obtained. The complete solution to Eq. (2.1) is
where u j and u p are, respectively, homogenous and particular solutions. The coefficients b j are determined via the boundary conditions. CFM begins by assuming
and
Here, the index i = 1, 2 refers to homogeneous solutions and i = p means the particular solution.
To determine the homogeneous solutions, the right-hand side of Eq. (2.1) is set equal to zero, and the following is obtained
The system of Eqs. (2.3) and (2.4) can be solved numerically for each homogeneous solution. The Kronecker delta initial conditions given below are used to assure linear independence of the solutions (Roberts and Shipman, 1979 )
To obtain the particular solution, Eq. (2.4) is modified as
A particular solution needs only to satisfy the differential equation and homogeneous initial conditions
be imposed. Equations (2.3), (2.6), (2.7) constitute a system of equations for the particular solution along with the initial conditions. The fifth-order Runge-Kutta method (RK5) is used for all cases considered. Note that by this procedure not only the solution u(r) itself but also its first derivative are readily calculated. Applying the boundary conditions prescribed for the particular problem in hand results in the following system of algebraic equations for the coefficients b 1 and b 2
Here, A ij includes the values of the homogeneous solutions at the boundary points. RHS1 and RHS2 contain values of the particular solutions. If the cylinder is subjected to internal and external pressures, they will also be included in the right hand-side terms. On the other hand, implementing CFM in the heat conduction problem yields RHS1 and RHS2 as prescribed temperatures along the boundaries. These points will be illustrated in the following Sections.
Heat conduction in the radial direction
The heat conduction equation in the steady-state condition for a one-dimensional problem in polar coordinates and thermal boundary conditions for a FGM hollow cylinder are given, respectively, as
where k = k(r) is the thermal conduction coefficient, r i and r o are the inner and outer radii of the hollow cylinder. C ij are the constant thermal parameters related to the conduction and convection coefficients. The constants f 1 and f 2 are known constants on the inside and outside radii.
It is assumed that the nonhomogeneous thermal conduction coefficient k(r) is an exponential function of r as
where k o is a material constant and β is the inhomogeneity parameter. Using Eq. (3.2), the heat conduction equation becomes
Steady-state axisymmetric heat conduction without heat generation is considered. The heat balance equation in the radial direction for a nonuniform disk yields
where B(r) = (1/r) + β and it is varying as a function of the radial coordinate r. The boundary conductions are temperatures prescribed on the inner and outer surfaces as
The complete solution is the homogeneous solution
Following the steps outlined in Section 2, the temperature distribution is obtained at the collocation points. The constants b j can now be found by imposing the boundary conditions. This process results in a system given by Eq. (2.8) where
Governing equation
Consider a thick walled cylinder of the inside radius r i and the outside radius r o made of FGM. The material is graded through the r−direction. Let u be the displacement component in the radial direction. Then the strain-displacement relations are
The stress-strain relations are σ rr = (λ + 2µ)ε rr + λε θθ − (3λ + 2µ)αT (r)
where σ ij and ε ij (i, j = r, θ) are stress and strain tensors, T (r) is temperature distribution determined from the heat conduction equation, α is the coefficient of thermal expansion, and λ and µ are the Lame coefficients related to the modulus of elasticity E and Poisson's ratio ν as
The equilibrium equation in the radial direction, disregarding the body force and inertia terms, is ∂σ rr ∂r
To obtain the equilibrium equation in terms of the displacement component for the FGM cylinder, the functional relationship of the material properties must be known. To ascertain the effect of the inhomogeneity, the properties are considered to vary exponentially across the thickness
where E o and α o are the material constants and β is the inhomogeneity parameter. Poisson's ratio varies very little through the thickness in FGM materials. Furthermore, its effects on thermal and mechanical stresses are insignificant. For simplicity, Poisson's ratio is assumed to be constant (Akbari Alashti et al., 2013; Jabbari et al., 2015) . Using relations (4.1)-(4.5), the Navier equation in term of the displacement is
where
Following the steps outlined in Section 2, the complete displacement is obtained at the collocation points as
The coefficients b 1 , b 2 will be determined using the stress free conditions on inner (σ rr (r i ) = −P i ) and outer (σ rr (r o ) = −P o ) boundaries. This step is particularly simple since during the solution process the first derivative of the radial displacement has already been calculated.
Results and discussions
As Figure 1a shows variations of temperature along the radial direction for different values of the inhomogeneity parameter (β). The figure shows that as the inhomogeneity parameter β increases, the temperature decreases. Figure 1b shows the plot of the radial displacement along the radius. The magnitude of the radial displacement is decreased as the inhomogeneity parameter β is increased. The radial and circumferential stresses are plotted along the radial direction and are shown in Figs. 1c and 1d . The magnitude of the radial stress is increased as β is increased. It is seen that for β < 1 the hoop stress decreases along the radial direction. For β > 1, the hoop stress increases as the radius increases, since the modulus of elasticity is an increasing function of the radius, see Eq. (2.6). Physically, this means that the outer layers of the cylinder are biased to maintain the stress due to their higher stiffness. There is a limiting value for β, where the hoop stress remains almost constant along the radius. The curve associated with β = 1 shows that the variation of hoop stress along the radial direction is minor, and is almost uniform across the radius. To investigate the pattern of stress distribution along the cylinder radius, the effective stress σ * = √ 2|σ r − σ θ | is plotted along the radial direction for different values of r o /r i and the inhomogeneity parameter β. Figure 2 is plotted for r o /r i = 1.2. It is interesting to note from Fig. 2 that for β = 1 the effective stress is almost uniform along the radius of the cylinder. It should be pointed out once again that the purpose of the present work is the introduction of CFM to the solution procedure of the class of problems in hand. Converting the two-point boundary value problem to a system of an initial-value problem gives a way to the implementation of well-established numerical schemes. The Runge-Kutta method of fifth-order (RK5) is used to solve the system of equations. The procedure is simple and efficiently implemented. The numerical results have been obtained exact up to six-digit accuracy by picking only 11 collocation points in RK5.
Conclusion
This paper presents a numerical solution for calculation of axisymmetric thermal and mechanical stresses in a thick hollow cylinder made of FGM. The material properties through the graded direction are assumed to be nonlinear with a power law distribution and exponentially-varying properties. The mechanical and thermal stresses are obtained through the CFM of the solution of the Navier equation. The comparisons of temperature distributions and stress distributions are presented in form of tables. The numerical results for all cases are shown to exactly match those reported by Jabbari et al. (2002) . Finally, we can conclude that:
• With the unified approach presented in the present study, one would not have to compromise on the functional continuity of the material properties. Analysis of any material model in form of an arbitrary function subject to internal pressure has been analyzed efficiently and accurately by employing CFM.
• The unified method used is accurate and more efficient than the conventional methods.
• The method employed in this study allows one to find solutions of continuous functions.
• The CFM of solving the differential equation provides a complete solution, yielding both thermal stresses and temperature distributions.
